653Fractional Delay FiltersIn this chapter we review the digital filter design techniques for the approximation of afractional delay (FD). They can be utilized in many areas of digital signal processing.Examples of these fields are time delay estimation (Smith and Friedlander, 1985), nullsteering in the direction pattern of antenna arrays (Ko and Lim, 1988), timing adjust-ment of digital modems (Farrow, 1988; Armstrong and Strickland, 1993; Gardner,1993; Erup et al., 1993), speech coding (Marques et al., 1989, 1990; Kroon and Atal,1991; Medan, 1991), speech synthesis (Matsui et al., 1991), and arbitrary sampling-rateconversion (Tarczynski et al., 1994). Fractional delays are essential in digital wave-guide models for one-dimensional resonators (Jaffe and Smith, 1983; Laine, 1988;Smith, 1983; Sullivan, 1990; Karjalainen and Laine, 1991; V�lim�ki et al., 1992a).There are plenty of design methods for both FIR and IIR fractional delay filters.Only the most useful of them are discussed in detail. A more comprehensive study ofknown filter design methods for FD approximation has been written by Laakso et al.(1994). Of special interest in our applications are digital filters that approximate theideal interpolation in a maximally flat manner at low frequencies. The maximally flatFIR filter approximation is equivalent to the classical Lagrange interpolation method.This technique is discussed in Section 3.3. The corresponding IIR or allpass filter has amaximally flat group delay response. It is called the Thiran interpolator and is studied inSection 3.4.3. These two design methods appear to be most effective in digital wave-guide modeling mainly because they approximate ideal interpolation very accurately atfrequencies near the fundamental pitch of speech and music signals.3.1Ideal Fractional DelayWe first discuss the concept of fractional delay in continuous and discrete time andconsider the ideal solution of the FD problem to show why approximation is necessary.3.1.1Continuous-Time System for Arbitrary DelayConsider a delay element, which is a linear system whose purpose is to delay an incom-ing continuous-time signal

xc(t) by

τ (ιν σεχονδσ). Τηε ουτπυτ σιγναλ

yc(t) of this sys-tem can be expressed as

yc(t) = xc(t − τ )(3.1)where the subscript �c� refers to �continuous-time�. The Fourier transform

Xc(Ω) of acontinuous-time signal

xc(t) is defined as

66Discrete-Time Modeling of Acoustic Tubes Using Fractional Delay Filters

Xc(Ω) = xc(t)e− jΩtdt − ∞∞∫(3.2)ωηερε Ω = 2πϕ ισ τηε ανγυλαρ ϕρεθυενχψ ιν ραδιανσ. Τηε Φουριερ τρανσϕορμ

X^c(Ω) and

Yc(Ω). This yields

Hid(Ω) = Yc(Ω)Xc(Ω) = e− jΩτ Xc(Ω) Xc(Ω) = e− jΩτ(3.4)Τηε τερμ

e− jΩτ χορρεσπονδσ το τηε Φουριερ τρανσϕορμ οϕ τηε δελαψ οϕ

τ.3.1.2Δισχρετε−Τιμε Σψστεμ ϕορ Αρβιτραρψ ΔελαψΝεξτ ωε χονσιδερ α δισχρετε−τιμε δελαψ σψστεμ. Ιϕ τηε Φουριερ τρανσϕορμ

Xc(Ω) is non-zero only on a finite interval around w = 0, the continuous-time signal

xc(t) is said to bebandlimited. It may then be expressed by its samples

x(nT), where n ˛ Z is the sampleindex and T is the sample interval, i.e., the inverse of the sampling rate. For conve-nience of notation, we omit T and use shortly x(n) to denote the samples of the discrete-time signal.We want to express the discrete-time version of the delay operation for a sampledbandlimited signal. The outcoming discrete-time signal y(n) can simply be written as

τ ισ υσυαλλψ νοτ αν ιντεγραλ μυλτιπλε οϕ σαμπλινγ ιντερϖαλ Τ.Υνϕορτυνατελψ, Εθ. (3.5) ισ μεανινγϕυλ ονλψ ϕορ ιντεγραλ ϖαλυεσ οϕ Δ. Τηεν τηε σαμπλεσοϕ τηε ουτπυτ σεθυενχε ψ(ν) αρε εθυαλ το τηε δελαψεδ σαμπλεσ οϕ τηε ινπυτ σεθυενχε ξ(ν),ανδ τηε δελαψ ελεμεντ ισ χαλλεδ α διγιταλ δελαψ λινε. Ηοωεϖερ, ιϕ Δ ωερε ρεαλ, τηε δελαψοπερατιον ωουλδ νοτ βε τηισ σιμπλε, σινχε τηε ουτπυτ ϖαλυε ωουλδ λιε σομεωηερεβετωεεν τηε κνοων σαμπλεσ οϕ ξ(ν). Τηε σαμπλε ϖαλυεσ οϕ ψ(ν) ωουλδ τηεν ηαϖε το βεοβταινεδ βψ ωαψ οϕ ιντερπολατιον ϕρομ τηε σεθυενχε ξ(ν).Τηε σπεχτρυμ οϕ α δισχρετε−τιμε σιγναλ χαν βε εξπρεσσεδ βψ μεανσ οϕ τηε δισχρετε−τιμε Φουριερ τρανσϕορμ (ΔΤΦΤ). Ιν τηισ ιντεγραλ τρανσϕορμ, τηε τιμε ϖαριαβλε ισ δισ−χρετιζεδ, βυτ τηε ϕρεθυενχψ ϖαριαβλε ισ χοντινυουσ. Τηε ΔΤΦΤ οϕ σιγναλ ξ(ν) ισ δεϕινεδ ασ(σεε, ε.γ., Ροβερτσ ανδ Μυλλισ, 1987, ππ. 87∠88; ϑαχκσον, 1989, ππ. 106∠118)

X(ω) = x(n)e− jωn n=− ∞∞∑ , ω ≤ π(3.6)ωηερε ω = 2πϕΤ ισ τηε νορμαλιζεδ ανγυλαρ ϕρεθυενχψ. Τηε ΔΤΦΤ οϕ τηε ουτπυτ σιγναλψ(ν) χαν βε ωριττεν ασ Χηαπτερ 3. Φραχτιοναλ Δελαψ Φιλτερσ67

Y(ω) = y(n)e− jωn n=− ∞∞∑ = x(n − D)e− jωn n=− ∞∞∑ = e− jωDX(ω)(3.7)The transfer function of an ideal discrete-time delay element can be given as

Hid(ω) = Y(ω)X(ω) = e− jωDX(ω)X(ω) = e− jωD, ω ≤ π(3.8)Τηισ ισ τηε σαμε ρεσυλτ ασ γιϖεν ιν Εθ. (3.4)∇ονλψ νοω τηε ανγυλαρ ϕρεθυενχψ ισ χιρχυλαρδυε το δισχρετιζατιον ιν τιμε. Ιν ορδερ το βε χονσιστεντ ωιτη τηε ζ−τρανσϕορμ νοτατιον υσεδχομμονλψ ιν διγιταλ σιγναλ προχεσσινγ, λετ υσ εξπρεσσ τηε τρανσϕερ ϕυνχτιον ασ

Hid(z) = Y(z)X(z) = z− DX(z)X(z) = z− D(3.9)where D Œ R+ is the length of the delay in samples. The delay D may be written in theform

D = Dint + d(3.10)where 0 £ d < 1 is the fractional delay and the integer part

Dint is given by

Dint = D (3.11)ωηερε

z_{− D should be written as an infinite series makingthe notation unnecessarily involved.To understand how to produce a fractional delay using a discrete-time system it isnecessary to discuss interpolation techniques. Interpolation of a discrete-time signal isbased on the fact that the amplitude of the corresponding continuous-time bandlimitedsignal changes smoothly between the sampling instants.}

The fractional delay d can in principle have any value between 0 and 1. To be able to produce an arbitrary fractional delay for a discrete-time signal n), one has to know a way to compute the amplitude of the underlying continuous-time signal x

) for all t This leads us to fundamental issues of digital signal processing—sampling and recon

In 1949, Shannon introduced the sampling theorem

(Shannon, 1949). It states that if the Fourier transform

of a continuous-time signal

is zero outside the interthen the signal is completely determined by its values at equidistant points spaced

apart. This implies that the sampling rate has to be at least ωηερε is the sampling angular frequency in radians per second and is the

According to Eq. (3.13) the ideal bandlimited interpolator has a continuous-time ϕορ τ Ρ. Τηισ ιμπυλσε ρεσπονσε τηατ Σηαννον χαλλεδ τηε Ωηιττακερ χαρδιναλ ϕυνχτιον χονϖερτσ α δισχρετε−τιμε σιγναλ το α χοντινυουσ−τιμε ονε. Ιν δελαψ αππλιχατιονσ, ηοω ιτ ισ νεχεσσαρψ το κνοω τηε ϖαλυε οϕ α σιγναλ ατ α σινγλε τιμε ινσταντ βετωεεν τηε σαμπλεσ. Τηε δεσιρεδ ρεσυλτ μαψ βε οβταινεδ βψ σηιϕτινγ Εθ. (3.15) βψ ανδ τηεν σαμπλινγ ιτ ατ εθυιδισταντ ποιντσ. Ηενχε, τηε ουτπυτ ν) οϕ τηε ιδεαλ δισχρετε−τιμε ϕραχ ϕορ ανδ . Ηερε ωε ηαϖε σιμπλιϕιεδ τηε νοτατιον σεττινγ τηε σαμπλινγ ρατε to 1 (and consequently, the sampling interval

= 1), since with a discrete-time system

It can be concluded that producing a fractional delay requires reconstruction of the discrete-time signal and shifted resampling of the resulting continuous-time signal. In

In digital signal processing, it is often advantageous to study linear filters in the fre quency domain, that is, by their frequency response. The ideal bandlimited interpolator Τηε ϕρεθυενχψ ρεσπονσε οϕ τηε ιδεαλ δελαψ ελεμεντ ηασ τηε ϕολλοωινγ μαγνιτυδε ανδ

Ιν οτηερ ωορδσ, τηε δελαψ ελεμεντ ισ α λινεαρ−πηασε αλλπασσ σψστεμ. Ιτσ πηασε δελαψ ανδ where is the ideal phase response as defined in Eq. (3.18b). From these results it can be concluded that the ideal delay element passes all the frequency components of

The inverse discrete-time Fourier transform of Eq. (3.17) gives the impulse response

IfD is an integer ( d = 0), the IR of the delay element is zero at all sampling points Ιν τηισ χασε, τηε δελαψ ελεμεντ ισ ιμπλεμεντεδ βψ α χασχαδε οϕ υνιτ δελαψσ ασ δισχυσσεδ εαρλιερ. Ωηεν ισ α ϕραχτιοναλ νυμβερ, ι.ε., 0 < δ < 1, τηε ΙΡ ηασ νον−ζερο ϖαλυεσ ατ αλλ (Upper) The sinc function (dashed line) shifted by

= 3.0. The circles indi cate the sampled values of the sinc function. All the sample values except the centermost are zero when the delay is an integer, that is d = 0. (Lower) The sinc function shifted by

D = 3.3. The dotted line indicates the center point of the shifted sinc function. This figure illustrates the fact that all the sample val

These time-domain properties of the ideal delay element are illustrated in Fig. 3.2. In the upper part of this figure, the delay is an integer and only one sample is non-zero because the zero crossings of the sinc function coincide with the other sampling points.

In the lower part of Fig. 3.2, however, the delay is a fractional number and all the

To conclude, the impulse response

of the delay element is a shifted and sam pled version of the sinc function which is infinitely long. Due to this the IR corresponds to anoncausal filter which cannot be made causal by a finite shift in time. In addition, the filter is not BIBO stable since the impulse response (3.20) is not absolutely summable. This kind of filter is nonrealizable

. To produce a realizable fractional delay Before considering these approximations we notify one particular property of the ideal transfer function that makes the fractional delay approximation difficult. The

This implies that when is a fractional number, the transfer function has a complex

This implies that, at the Nyquist frequency, the approximation error cannot be smaller

Some of the useful fractional delay approximation techniques will be discussed in Up to now we have discussed the theoretical background of noninteger digital delay, or fractional delay. The relationship between the underlying analog signal and fractional delay was clarified. Furthermore, the characteristics of the ideal fractional delay ele ment were reviewed and it was shown that the ideal FD system (i.e., ideal bandlimited interpolator) is nonrealizable, since the corresponding impulse response is infinitely long and noncausal. Thus, approximation techniques have to be employed to obtain a

Formerly, similar theoretical aspects have been considered in the context of signal recovery and multirate signal processing. Implementation of a fractional delay requires that the system is in principle able to compute the amplitude of the signal at any time instant between known samples. Thus, the FD problem and recovery of an analog signal

The major differences between the FD problem and sampling-rate conversion are as

In FD processing only one new sample per sampling interval needs to be com puted, whereas in interpolation for increasing the sampling rate, several new

In the FD problem the fractional interval d to be approximated is in general irra

Even today, FD processing is not a well-known topic in signal processing. Discussion on this topic has appeared only in few textbooks (see, e.g., Crochiere and

In this section, the FIR filter approximation of the fractional delay is discussed. For more detailed discussion and examples see Laakso et al.

(1994). A comparison of four

ωηερε Ν ισ τηε ορδερ οϕ τηε ϕιλτερ ανδ η ν) (ν = 0, 1, ..., Ν) αρε τηε ρεαλ χοεϕϕιχιεντσ τηατ

ϕορμ τηε ιμπυλσε ρεσπονσε οϕ τηε ΦΙΡ ϕιλτερ. Νοτε τηατ τηε λενγτη οϕ τηε ιμπυλσε ρεσπονσε

The intuitively most attractive method for designing realizable FD filters is certainly the truncation of the ideal IR defined by Eq. (3.20). This method minimizes the least squared (LS) error function

which is equal to the norm (integrated squared

Υσινγ Παρσεϖαλ∏σ ρελατιον τηισ εθυατιον χαν βε χονϖερτεδ ιντο τηε τιμε δομαιν. Τηισ Φρομ τηισ εθυατιον, ιτ ισ ποσσιβλε το δεριϖε α χλοσεδ−ϕορμ σολυτιον ϕορ τηε σθυαρεδ ιντε γραλ ερρορ ιν τηε χασε οϕ ϕραχτιοναλ δελαψ αππροξιματιον. Αχχορδινγ το Παρσεϖαλ∏σ ρελα

The second and third term of Eq. (3.29) include the coefficients of the Nth-order FIR

Ιτ ισ αλσο ποσσιβλε το δεριϖε α χλοσεδ−ϕορμ ϕορμυλα ϕορ τηε βανδλιμιτεδ σθυαρεδ ιντε Αχχορδινγ το Εθ. (3.31), τηε οπτιμαλ σολυτιον ϕορ αν

Ντη−ορδερ ΦΙΡ ϕιλτερ ιν τηε

σενσε ισ οβϖιουσλψ τηε ονε ωιτη Ν + 1 χοεϕϕιχιεντσ τρυνχατεδ σψμμετριχαλλψ αρουνδ τηε μαξιμυμ ϖαλυε, ι.ε., τηε χεντραλ ποιντ οϕ

The approximation error resulting from Ιτ ισ σεεν τηατ τηε αππροξιματιον ερρορ δεχρεασεσ ασ Ν ινχρεασεσ. Τηισ ισ ιντυιτιϖελψ χλεαρ.

The delay

D should be located between the two central taps of the filter when

N is

odd (

= N

+ 1 is even), or within half a sample from the central tap when N is even (

odd), since then the approximation error is smallest. This means that the delay should

For odd-order FIR interpolators (N odd and

L even) this simply implies that the integer

Τηισ ωιλλ ενσυρε τηατ ποιντ ισ λοχατεδ ωιτηιν ηαλϕ α σαμπλε ϕρομ τηε μιδποιντ οϕ τηε

ιντερπολατορ ανδ χονσεθυεντλψ τηατ τηε αππροξιματιον ερρορ ισ σμαλλεστ ποσσιβλε ωιτη τηε Αβοϖε ωε ηαϖε ασσυμεδ τηατ τηε ΦΙΡ ϕιλτερ χοεϕϕιχιεντσ αρε τρυνχατεδ ϕρομ τηε βεγιννινγ οϕ τηε ιδεαλ ιμπυλσε ρεσπονσε. Τηισ ισ νοτ τηε ονλψ ποσσιβλε χηοιχε. Τηε ινδεξ ωηερε ρουνδ(〈) δενοτεσ τηε οπερατιον οϕ ρουνδινγ το τηε νεαρεστ ιντεγερ, ανδ ισ τηε

γρεατεστ ιντεγερ ϕυνχτιον ασ γιϖεν βψ Εθ. (3.12). Τηε ΦΙΡ ϕιλτερ will be causal if

‡ 0. If

M < 0, the filter will be noncausal and thus

. An integer must then

be added to

D in order to shift the central point of the sinc function so that the require

ment of Eq. (3.34) is fulfilled. This is equivalent to adding unit delays to the delay line.

3.3Magnitude responses (upper) and phase delay curves (lower) of a third-order

FIR filter designed by truncating the shifted sinc function. The curves are plotted for 11 fractional delay values between 1.0 and 2.0. Note that the

However, unit delays cannot be added if the actual delay

, including the integer part, is

important. Another method to make the FIR filter causal is to choose a smaller value for

N, that is, to design a filter of lower order. This will obviously make the approximation

If Eq. (3.31) is valid, then

= 0 and the entire delay is implemented by the FIR

filter. This case corresponds to the best (highest-order) causal approximation but also to the heaviest computational load that an LS FIR filter can offer. If

> 0 then part of the

desired delay has to be implemented by a sequence of unit delays while the rest of that delay is approximated by the FD filter. The implementation of a fractional delay with

Truncating the shifted sinc function is an easy way to design FD FIR filters. This approach has been proposed, e.g., by Sivanand et al.

(1991) (see also Sivanand, 1992)

and Cain et al. (1994). However, it is often not useful since truncation of the impulse response introduces ripple to the frequency response. This is called the Gibbs pheapproximately constant irrespective of the filter order. This goes for both the magnitude

The magnitude and phase delay characteristics of an LS FD FIR filter are illustrated in Fig. 3.3. The order N of the filter is 3 and thus the best approximation (

= 0) is

obtained with delay values 1 £

D < 2. Were

N = 4, would be 0 for 1.5 £

D < 2.5.

Notice the overshoot in both the magnitude and the phase delay curves. It is seen that the phase delay curves are symmetrical with respect to the delay of 1.5 samples, which

A variation of the LS design technique is to use a lowpass interpolator as a prototype

filter instead of a fullband filter (Laakso et al.

, 1994). The ideal solution is then defined ωιτη δεϕινεδ ασ ιν Εθ. (3.37). Ιτ αππεαρσ τηατ τηε Γιββσ πηενομενον ωιλλ βε ρεδυχεδ Ανοτηερ ϖαριατιον οϕ τηε βασιχ ΛΣ δεσιγν ισ το υσε α ρεδυχεδ βανδωιδτη ωιτη α τρανσιτιον βανδ ϕυνχτιον (Παρκσ ανδ Βυρρυσ, 1987, ππ. 63∠70). Τηισ ωιλλ μακε τηε ιμπυλσε ρεσπονσε οϕ τηε ΦΔ ελεμεντ δεχαψ ϕαστ. Τηε ΙΡ ωιλλ στιλλ βε ινϕινιτελψ λονγ ανδ μυστ βε τρυνχατεδ, βυτ τηε Γιββσ πηενομενον ισ γυαραντεεδ το βε ρεδυχεδ, σινχε τηε δισχοντινυιτψ ισ νοτ ασ σηαρπ ασ οριγιναλλψ. Α γοοδ χηοιχε ϕορ τηε τρανσιτιον βανδ ισ α λοω−ορδερ σπλινε μυλτιπλιεδ βψ

Using this design the magnitude response of the

FD FIR filter will remain constant with high precision. However, the price paid is that

A well-known method to reduce the Gibbs phenomenon in FIR filter design is to use a

bell-shaped window function for weighting in the time domain (see, e.g., Parks and

Burrus, 1987, pp. 71–83). Truncation corresponds to windowing with a rectangular window function. An extensive tutorial on window functions and their properties has been written by Harris (1978). The impulse response of an FIR filter designed by the

Νοτε τηατ τηε μιδποιντ οϕ τηε ωινδοω ϕυνχτιον ω οϕ λενγτη Ν + 1 ηασ βεεν σηιϕτεδ βψ

σο τηατ τηε σηιϕτεδ σινχ ϕυνχτιον ωιλλ βε ωινδοωεδ σψμμετριχαλλψ ωιτη ρεσπεχτ το ιτσ χεντερ. Τηε ωινδοω ϕυνχτιον ν ∠

) ισ ασψμμετριχ, ηοωεϖερ. Μανψ ωινδοω ϕυνχ−

τιονσ, συχη ασ τηε Ηαμμινγ ανδ ϖον Ηανν ωινδοωσ, χαν βε εασιλψ δελαψεδ βψ α ϕραχ τιοναλ ϖαλυε

Δ (Λαακσο ετ αλ. , 1994; Χαιν ανδ Ψαρδιμ, 1994; Χαιν ετ αλ., 1994, 1995)

ωηερεασ σομε οτηερσ χαννοτ. Φορ ινστανχε, τηερε ισ νο κνοων μετηοδ το δεσιγν εξαχτ ϕραχτιοναλλψ σηιϕτεδ Δολπη∠Χηεβψσηεϖ ορ Σαραμ�κι ωινδοωσ ϕορ αν αρβιτραρψ

. Τηισ ισ

βεχαυσε τηεσε ωινδοωσ ηαϖε βεεν δεσιγνεδ ιν τηε ϕρεθυενχψ δομαιν. Αν αππροξιματιϖε Ιτ ισ ρεαδιλψ σεεν τηατ τηε αππροξιματιον ερρορ

[see Eq. (3.29)] will be larger with

a window function than without it [see Eq. (3.32)]. Thus, this design method does not minimize the LS error measure, but it is an ad hoc modification of the LS technique. In

general, the frequency response of an FD FIR filter designed using this technique has a lower ripple but also a wider transition band than a corresponding LS filter (see, e.g.,

Parks and Burrus, 1987, p. 73). A drawback is that the control of the magnitude error is difficult when changing the parameters of, e.g., the Kaiser or the Dolph—Chebyshev

The windowing method is suitable for real-time systems where the fractional delay is changed since the coefficients can be updated quickly. The samples of the sinc and the window function can be stored in memory for several values of

. The filter coeffi

cients for delay values between the stored ones may be obtained, e.g., by linear interpo lation (Smith and Gossett, 1984). Smith (1992a) has studied the implementation and

In principle, the FIR fractional delay filter with the smallest LS error in the defined approximation band is accomplished by defining the response only in that part of the frequency band and by leaving the rest out of the error measure as a �don�t care� band

(Laakso et al.

, 1994). This scheme also enables frequency-domain weighting of the LS

error. This technique is called general least squares (GLS) FIR filter approximation, and

ωηερε τηε ερρορ ισ δεϕινεδ ιν τηε λοωπασσ ϕρεθυενχψ βανδ [0, απ] ονλψ ανδ

is the

nonnegative frequency-domain weighting function [which has nothing to do with the time-domain window function

)]. The derivation of the bandlimited squared integral

error function for the case is presented in Appendix A. Now it is shown how ωηερε τηε συπερσχριπτ ™

∏ δενοτεσ χομπλεξ χονφυγατιον. Τηισ εθυατιον χαν βε ϕυρτηερ

Ηερε τηε συπερσχριπτ ™

∏ στανδσ ϕορ τηε Ηερμιτιαν οπερατιον, ι.ε., τρανσποσιτιον ωιτη χον

The optimal solution in terms of the norm is obtained by solving for the minimum

of the error measure (3.44a). The unique minimum-error solution is found by setting its

In practice, the optimal solution is obtained by determining the integrals involved in

Eqs. (3.44) (usually numerically) and solving the set of N + 1 linear equations (3.46).

Numerical problems may arise, particularly in narrowband approximation (Laakso al., 1994). However, in FD filter design this is not typical. The design is much easier if

3.4Magnitude responses (upper) and phase delay curves (lower) of a third-order

GLS FIR filter with

= 0.5. The curves are plotted for 11 fractional delay val

ues between 1.0 and 2.0. Note that the magnitude responses for

are the

the weighting function is not used, i.e.,

, since the solution can be given in

Note that matrix is independent of the delay parameter

D and only needs to be

inverted once. The resulting FIR filter coefficients depend on the choice of frequency

Figure 3.4 presents a third-order GLS filter with unity weighting function and = 0.5 (i.e., halfband approximation). This result can be compared with the fullband LS FIR approximation of Fig. 3.3. It is seen that the maximum error in both mag nitude and phase delay has been reduced in the approximation band. At high frequen cies the error has slightly increased since now the approximation error outside the pass

If it is desired to minimize the peak approximation error, it is suitable to use the mini

Chebyshev design. These approximation problems can usually be solved only by

iterative techniques. Advanced algorithms for complex approximation with minimax error characteristics have been presented, e.g., by Parks and Burrus (1987), Pyfer and

Ansari (1987), Preuss (1989), Schulist (1990), Alkhairy et al. (1991), and Karam and

McClellan (1995). For a more detailed discussion on minimax FIR FD filters, see

Here we consider a technique proposed by Oetken (1979). The observation that led to the development of this design method is that the magnitude error functions of odd-order equiripple FIR FD filters are almost exactly proportional to each other over the whole frequency range. This implies that it is only needed to determine one optimal filter (the Chebyshev prototype filter), calculate the zeros of its magnitude error function, and then use these zeros to design other FIR FD filters with similar character

The following discussion has been adapted from Laakso et al. (1994). Let us con

sider that an

Nth-order (with odd N) symmetric FIR filter has been designed. This filter

must approximate flat magnitude response in the equiripple sense in the passband. The where

N/2 is the delay of the filter. The filter coefficients can be solved from (3.50) for

Equation (3.51) is a set of K complex equations with

= 2

K unknowns, which can

be expressed as a fully determined set of real equations by equating the real and

Fig. 3.5

The magnitude and phase delay responses of a third-order (N = 3) approxi mately equiripple FIR FD filter. The curves are plotted for 11 delay values between 1.0 and 2.0. Note that the magnitude responses for

are the ωηερε τηε ματριχεσ ανδ ϖεχτορσ χονταιν αππροπριατε χοσινε ανδ σινε ελεμεντσ συχη τηατ

ανδ

. The coefficient vector of the almost-equiripple FIR

Νοτε τηατ τηε χοσινε−σινε ματριξ δεπενδσ ονλψ ον τηε προτοτψπε ϕιλτερ βυτ νοτ ον

τηε δελαψ παραμετερ Δ.

Τηυσ ιτ χαν βε ινϖερτεδ ονχε ανδ τηε σαμε ινϖερσε ματριξ χαν βε Αν εξαμπλε οϕ τηιρδ−ορδερ εθυιριππλε ΦΙΡ ΦΔ ϕιλτερσ δεσιγνεδ υσινγ Οετκεν∏σ μετηοδ ισ σηοων ιν Φιγ. 3.5. Τηε προτοτψπε ϕιλτερ ισ α λινεαρ−πηασε ηαλϕβανδ ( α = 0.5) εθυιριππλε

ΦΙΡ ϕιλτερ δεσιγνεδ υσινγ τηε Ρεμεζ αλγοριτημ (σεε, ε.γ., Παρκσ ανδ Βυρρυσ, 1987). Φιγυρε 3.5 χαν βε χομπαρεδ ωιτη Φιγσ. 3.3 ανδ 3.4. Ιτ ισ αππαρεντ τηατ ατ τηε λοωερ ηαλϕ οϕ τηε ϕρεθυενχψ βανδ τηε εθυιριππλε δεσιγν (Φιγ. 3.5) ψιελδσ α μυχη μορε αχχυρατε αππροξιματιον τηαν τηε ΛΣ αππροξιματιον (Φιγ. 3.3). Ηοωεϖερ, τηε ρεσυλτ ισ χομπαραβλε το τηε ηαλϕβανδ ΓΛΣ ϕιλτερ οϕ Φιγ. 3.4. Ιν βοτη οϕ τηεσε ϕιγυρεσ, τηε μαγνιτυδε ανδ πηασε ρεσπονσε χυρϖεσ οσχιλλατε αρουνδ τηε νομιναλ ϖαλυε ατ τηε λοωερ ηαλϕ οϕ τηε ϕρεθυενχψ Ιν πρινχιπλε, μανψ γενεραλ ΦΙΡ ϕιλτερ δεσιγν τεχηνιθυεσ μαψ αλσο βε αππλιεδ το τηε δεσιγν οϕ ΦΔ ϕιλτερσ. Αλτογετηερ, τηερε ισ α λαργε ϖαριετψ οϕ μετηοδσ, σομε οϕ ωηιχη αρε μεντιονεδ ιν τηε ϕολλοωινγ. Τηεσε τεχηνιθυεσ αρε νοτ δισχυσσεδ ιν δεταιλ βεχαυσε τηεψ Οετκεν ετ αλ. (1975) προποσεδ α στοχηαστιχ αππροαχη το τηε δεσιγν οϕ ιντερπολατινγ

ϕιλτερσ. Ιν τηισ τεχηνιθυε, τηε δεσιγν χριτεριον ισ τηε μινιμυμ εξπεχταβλε μεαν σθυαρεδ ουτπυτ ερρορ. Ιτ αππεαρσ τηατ τηισ ισ ματηεματιχαλλψ εθυιϖαλεντ το τηε γενεραλ ΛΣ δεσιγν ωιτη τηε ϕρεθυενχψ−δομαιν ωειγητινγ ϕυνχτιον βεινγ εθυαλ το τηε αϖεραγε ποωερ σπεχ τρυμ οϕ τηε ινπυτ σιγναλ (Λαακσο ετ αλ., 1994). Αλλ τηε ΛΣ μετηοδσ χαν αλσο βε μοδιϕιεδ

Τηε μαξιμαλλψ ϕλατ ΦΔ ϕιλτερ δεσιγν σεεμσ το βε αππροπριατε ϕορ διγιταλ ωαϖεγυιδε σψστεμσ σινχε ιτ αππροξιματεσ τηε ιδεαλ βανδλιμιτεδ ιντερπολατορ ϖερψ αχχυρατελψ ατ λοω ϕρεθυενχιεσ, ανδ ιτσ μαγνιτυδε ρεσπονσε νεϖερ εξχεεδσ υνιτψ. Φορ τηεσε ρεασονσ ωε