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ABSTRACT

Virtual analog modeling is needed when simulating classic analog
circuitry by DSP, for example when emulating analog sound synthe-
sis and sound reproduction systems. In this paperwe show howwave
digital filters (WDFs) can be applied to efficient real-time simulation
of vacuum-tube amplifier stages, typical in professional guitar am-
plifiers, which pose nonlinear behavior for desired distortion effects.

1. INTRODUCTION

Simulation of analog electronics by DSP is used nowadays exten-
sively in music and audio technology. The goal is to approach the
desirable sound of analog equipment, such as music synthesizers
and reproduction systems, yet with the advantages of digital com-
putation. Such virtual analog modeling seems straightforward but is
found demanding due to nonlinearities and parametric variation in
the analog domain. For example, tube amplifiers are preferred by
many professional electric guitar players due to perceptually favor-
able distortion, producing a rich and warm sound. Real-time model-
ing of analog amplifiers accurately using DSP (see e.g. [1]) is a sur-
prisingly demanding task, which only recently has resulted in good
sound.

Analog circuit design is different from the development of DSP
algorithms. Particularly in passive circuits the components inter-
act in a bidirectional way with the neighboring components through
the interconnection topology. The transfer properties of such cir-
cuitries can be approximated by DSP algorithms, for example by
time-varying digital filters and memoryless nonlinearities. It would
be desirable, however, to design a DSP-based simulator in a simi-
lar way as the analog circuitry, by connecting component blocks via
terminals and ports.

Such an approach is in fact used in circuit simulators, such as
SPICE [2, 3, 4]. Here we are interested, however, in efficient real-
time simulation for music and audio applications. Wave digital fil-
ters (WDFs) are an example of a technique, which can be success-
fully applied to transforming analog circuits and networks into DSP-
based equivalents [5, 6, 7]. In addition to the natural correspondence
of the analog and digital formulations, WDFs have been found nu-
merically robust and they can also support nonlinearities and time-
varying components [9].

In this paper we study the applicability of WDFs to efficient
real-time simulation of tube amplifier stages, typical in professional
guitar amplifiers, generating nonlinear behavior for distortion ef-
fects. As a case study we take a triode tube amplifier, as shown by
a schematic diagram in Fig. 1. In Section 2 the circuit is described
briefly and the modeling of triode tube characteristics is presented.
In Section 3 we introduce fundamentals of wave digital filters, par-
ticularly for implementing nonlinear elements, and derive different
ways for realizing triode tube stages as WDF circuits. The results
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Fig. 1. A typical triode amplifier stage.

are analyzed in Section 4 for the amplifier stage of Fig. 1, includ-
ing computational efficiency of implementations on a WDF-based
modeling platform. Finally we discuss the possibilities to general-
ize the approach to more generic modeling cases, including electro-
mechanical-acoustical systems.

2. TRIODE TUBE AND AMPLIFIER STAGE

Figure 1 depicts the schematic diagram of a typical triode stage used
in audio amplifiers. Input signal �� is passed through DC voltage
separation high-pass of � � and �� . Then it is fed to the grid of the
triode tube. The resistor �� may be used to limit grid current for
positive grid-to-cathode voltages ��� � �� � �� as well as to avoid
instabilities. The cathode resistor �� is used to make a desired neg-
ative bias for ��� , and the capacitor �� makes a by-pass for �� at
audio frequencies.

The plate circuit of the triode consists of the plate resistor ��

feeding the supply voltage �� . The plate voltage �� is taken to
output �� through �� and�� to separate the DC component of ��.

The plate current through the triode depends on � �� as well as
��� , the plate-to-cathode voltage. The tube works as a nonlinear
voltage-controlled resistor. For an idealized triode1 the plate current
�� depends on the plate-to-cathode voltage � �� and grid-to-cathode
voltage ��� according to [10]:

�� � ������ ���� � ������ � ����
���

� (1)

where � is the voltage gain of the triode for constant plate current
and � is another tube-specific constant. This model is not accurate
enough for our purposes, however. It is possible to fit more accurate
formulas to measured tube data, and we have adopted an experimen-
tally well fitted model given in [11]:

1A similar formulation could be made also for a pentode tube.
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Fig. 2. Characteristics of triode 12AX7 according to Eqs. (2) and
(3) and tube parameter values given in the text. ��� is the grid-to-
cathode voltage, and a load line for �� � ��� k� and �� � ��� V
is drawn.
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and� is as in Eq. (1), and��, ���, ��, and��� are other tube-specific
constants. For the triode 12AX7, a typical preamplifier tube, the
parameter values are [11]:

� �� ��� �� ���

100 1.4 1060 600 300

Figure 2 plots the characteristics of triode 12AX7 as well as a
plate resistor load line for �� � ��� k� and �� � ��� V.

3. WDF MODELING OF NONLINEAR CIRCUITS

In this section we first present basics of wave digital filters, includ-
ing nonlinearities, and then derive different realizations of the tube
model.

3.1. Basics of WDFs

Wave digital filters are certain types of digital filters with valid inter-
pretations in the physical world. This means that they can simulate
the behavior of a physical system so that the filter coefficients de-
pend on the parameters of this physical system. WDFs are modular,
which makes them especially well-suited for modeling block-based
networks, such as electric circuits. More information about the prop-
erties of WDFs can be found, e.g., in [6, 8, 5].

WDF elements are connected to each other using ports, see Fig.
3(a). For each port, a port voltage � and a port current � can be de-
fined. However, instead of using this Kirchhoff pair, WDF elements
operate using wave variables � and 	�

�
	

�
�

�
� �	

� ��	

� �
�
�

�
� (4)

where � denotes the wave component coming to the element, and 	
denotes the wave component leaving the element. � 	 is a port re-
sistance parameter, which relates the Kirchhoff variables via Ohm’s
law. It must be noted that �	 can have any nonnegative value, so
that it can be used as an additional degree of freedom for simplify-
ing calculations.

Basic one-port WDF components, shown in Fig. 3(b)-(e), corre-
spond to the basic electric circuit elements, namely resistors, capaci-
tors, inductors, and voltage sources. The multi-port elements shown
in Fig. 3(f) and 3(g) denote the series and parallel adaptors, respec-
tively. These adaptors implement the wave scattering in series and
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Fig. 3. Basic WDF components used for constructing circuits: (a)
general one-port, (b) resistor: �	 � �, (c) capacitor: �	 � 
��� ,
(d) inductor: �	 � ���
 , (e) voltage source: �	 � �, (f) series
adaptor, and (g) parallel adaptor, where 
 is sample period.

parallel connections, and enable connecting one-port elements to-
gether. When interconnecting WDF elements, computational prob-
lems may arise due to delay-free loops. This can be avoided by prop-
erly selecting the port resistances so that certain signal paths become
disconnected. For example, if the series adaptor’s (Fig. 3(f)) third
port is set to have a resistance value of

�
 � �� ���� (5)

the outgoing wave 	
 becomes independent of the incoming wave
�
 , and the third port is called an adapted (or reflection-free) port.
Similarly, for the parallel adaptor (Fig. 3(g)), if we set

�
 � �������� ����� (6)

the third port becomes adapted. The adapted ports are denoted by
drawing a ‘��’-shaped ending for the outgoing terminal, as shown
in Figs. 3(f) and 3(g). Clearly, both serial and parallel adaptors can
only have a single adapted port.

When connecting several WDF elements together, the modeling
network can be representedas a binary connection tree (BCT), where
every one-port element is connected to a three-port adaptor and the
adapted port of this adaptor further to the next adaptor [13]. The
adaptor elements are called nodes, and the one-port elements are
called the leaves of the BCT. The network operatesby calculating the
outgoing wave variables and port resistance values starting from the
leaves and gradually proceeds towards a predefined root node. This
root node calculates its outgoingwave using the incoming waves and
the port resistance information. After this, the wave leaving the root
node is distributed as an incoming wave for the leaves via the nodes.

Note that the propagation of waves from the leaves to the root
node is possible even though the waves traveling to the other direc-
tion are not evaluated yet. This is because adapted ports are used so
that the waves traveling toward the root become independent of the
waves traveling away from the root.

3.2. WDF nonlinearities

Modeling of a one-port nonlinearity with WDFs means that the �-
to-	 reflection function of the element is nonlinear and the port re-
sistance varies as a function of the incoming wave. Generally, the
nonlinearity can be reactive (i.e., has memory), but since the main
interest here is tube amplifier modeling, we consider only resistive
(memoryless) nonlinearities. More information on nonlinear WDFs
can be found for example in [9, 12].
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Fig. 4. WDF binary tree for simulation of the triode stage in Fig. 1.
The input circuit (�� , ��, ��) is omitted and the cathode voltage ��

is used throught a unit delay to get the grid-to-cathode voltage � �� .

A nonlinear resistor can be implemented directly using the func-
tion of nonlinear characteristics � � ��� �. This will be discussed
in Section 3.4. The �-to-� relation is solved iteratively. However,
it is more efficient to implement the complicated nonlinearity as a
lookup-table, and it is required when the nonlinear function is un-
known. For vacuum-tubes, data sheets describing the � -� charac-
teristics can be found on the Internet, e.g., [14]. Details about using
nonlinear lookup-tables will be discussed in Section 3.5.

It is advisable to connect the nonlinear element at the adapted
port of the root node when using a BCT network. If it were con-
nected as a leaf, the wave going into the nonlinear element would
change its port resistance, and this change would have to be propa-
gated to all other port resistances of the path towards the root, thus
requiring iterative re-evaluation of the whole system. As a conse-
quence, if efficient WDF modeling is desired, the BCT can only
support one nonlinear element. More nonlinearities can be added to
the simulation in a similar way as far as they are connected through
delay elements.

3.3. WDF modeling of the triode stage

The triode amplifier stage in Fig. 1 can be simulated by the WDF ap-
proach easily except the tube itself, which acts as a voltage-controlled
nonlinear resistor. When building a WDF tube element, the task is
to implement the given tube characteristics �� � ������ ���� as de-
fined by Eqs. (3)-(2). Using also Eq. (4) we get an implicit pair of
equations

��� ��������� ����� � � � (7)

� � ��� � �������� ����� (8)

where ��� and the port resistance �� of the tube’s plate-cathode
series connection are known. Figure 4 shows a binary tree WDF
structure for the tube (N.L.) and the plate-cathode circuit of Fig. 1.
To simplify the task, we have assumed that the grid circuit can be
computed independently of the plate-cathode circuit. We also as-
sume that the cathode voltage is changing slowly compared to audio
signals, so that the grid-to-cathode voltage ��� can be obtained from
the previous value of the cathode voltage � �, i.e.,

������ �� � ����� ��� �����	 (9)

3.4. Tube modeling by iteration

If the grid voltage ��� is known, the tube behavior can be approxi-
mated by numerically solving Eq. (7) with respect to the plate volt-
age ��� in a recursive loop. Note that the incoming wave variable

� is obtained by propagating the waves from the leaves to the root
node. While there are many iteration techniques to choose from, see
e.g. [15], we used the Newton-Raphson method. In the case of the
WDF tube, this algorithm can be stated as

������ �� � �������
���������

� ���������
� (10)

where � denotes the index of the iteration step, ��������� is the
left-hand side expression in Eq. (7), and � ��������� is its derivative.
The first value of the plate voltage can be initially chosen anywhere
within the operating range, i.e., ������ � ��� ���	, and for the next
sample steps the previous value can be used for iteration. Finally,
the reflected wave � is obtained from Eq. (8).

Although the Newton-Raphson algorithm converges relatively
fast when numerically evaluating Eq. (7), optional iteration tech-
niques, such as the golden section method or the Fibonacci search,
could be used instead. The convenience of these algorithms is that
they do not require the derivative of the nonlinear function to be
approximated. This reduces the number of nonlinear function eval-
uations per iteration step to unity, and can be advantageous if the
evaluation takes a lot of time. On the other hand, these techniques
generally require more iteration steps for achieving the same accu-
racy as the Newton-Raphson algorithm. Iteration techniques might
provide useful even if the nonlinear � -� relation of the tube is stored
in a pre-calculated lookup table.

3.5. Tube modeling by table lookup

If the tube characteristics can be fixed at compile time, it is possi-
ble to precompile a lookup table and use interpolation to efficiently
compute the wave scattering due to the triode nonlinearity.

The most efficient way is to compile a two-dimensional lookup-
table for wave variable reflection function � � 
��� ����. This
means solving of the implicit Eqs. (7)-(8) numerically at compile
time for ��� �� pairs (�� must be fixed), so that � is discretized by a
uniform step size, and for a set of grid-to-cathode voltages � �� uni-
formly in the operating range of the triode. Then at runtime there is
only a need to look for the �-values for two nearest indices of given �
and two nearest indices for ��� in the table. Linear 2-D interpolation
between these four �-values yields the � that is reflected back from
the triode block to the wave port of the root node, see Fig. 4.

3.6. Tube modeling by table lookup and iteration

The most straightforward way from the point of view of the compi-
lation phase is to store the lookup table in (�� �) pairs. In this case,
iterative search is needed as in subsection 3.4, but now the mapping
�� � ������ ���� is still obtained quickly from a 2-D lookup table.
Such iteration is naturally slower than the direct �-� mapping.

4. PERFORMANCE ANALYSIS

There are two further problems that usually require oversampling in
order to get good simulation results in nonlinear WDF circuits. The
first one is that WDF realizations of capacitors and inductors are
made through bilinear mapping, which causes frequency warping
of related high-frequency responses [5]. The second problem is the
potential of aliasing with nonlinear operations. To avoid harmonic
and intermodulation products to fold back to the Nyquist baseband,
oversampling factors of 2-8 may be needed. On the other hand, over-
sampling reduces the required steps in iterative algorithms.

The three implementation methods described in Section 3 for
the WDF structure of Fig. 4 were simulated using the BlockCom-
piler real-time modeling environment [16] on a 1.67 GHz PowerPC

V ­ 155



0

(a)

0.5 1 1.5 2 2.5

-100

-50

0

50

V
ol

ta
ge

 [V
]

Time [ms]

-1

0

1

0.65
0.7

0.75
0.8

0 5 10 15 20
-100

0

100

Time [ms]

(b)

(c)

(d)

Fig. 5. (a) Distortion in the triode stage: output signal for 1 kHz sine
wave input of amplitudes from 0.25 to 1.5 in steps of 0.25 Volts. (b)
Sine burst grid input, (c) cathode voltage, and (d) output voltage.

processor (Macintosh Powerbook G4). The following table presents
the computational loads for the sample rate of 44100 Hz.

Method �s/cycle % CPU

Iteration of equations, 1 iteration/sample 1.17 5.16
Table-based iteration, 1 iteration/sample 0.31 1.37
Direct a-b table lookup 0.18 0.79

It can be concluded that iteration of the original equations is
expensive if oversampling or multiple step iteration is used. Table-
based iteration is much faster. The direct a-b table lookup is naturally
the fastest, being useful in practical audio effects design.

The smoothly increasing distortion behavior of the tube stage
can be seen in Fig. 5(a), where the amplifier is driven by a 1 kHz
sine wave for successively increasing input amplitudes.

A characteristic feature of the tube amplifier is that for signals of
varying amplitudes the bias (operating point) of the tube varies with
the time constants of the RC-circuits, which may add to the richness
of sound. This effect is seen in Fig. 5(b)-(d) where the grid, cathode,
and output voltages are plotted for a sine burst input.

Aliasing at high driving levels can be perceptually severe with-
out oversampling. Figure 6 shows a case where the oversampling
factor of four has been applied to strong distorting of a 5 kHz sinu-
soid. The aliased components are 70-80 dB below the signal peaks
up to 10 kHz. In practice this aliasing cannot be perceived in playing
the electric guitar at such a distortion level.

5. DISCUSSION

In this paper we have formulated a WDF approach to the modeling
of tube amplifier stages that exhibit intentional distortion, e.g., in
guitar amplifiers. It is to be noticed that the WDF-based approach
may not be the computationally most efficient one, when compared
to straightforward digital filtering and nonlinearities, for example.
The advantage of the WDF formulation is the systematic mapping
from an analog circuit to a digital block-wise realization. This is
useful in rapid prototyping of analog amplifiers as well as in virtual
analog synthesis of classical tube amplifiers.

TheWDF modeling of a multi-stage amplifier is straightforward
as far as the stages between tubes in a full-scale amplifier can be
computed independently. In general this is not possible. Already the
capacitive feedback from plate to grid needs to be modeled to obtain
correct high-frequency behavior. Any feedback in the systemmakes
the modeling harder, since delays in loops shorter than the unit delay
require iterative solutions or oversampling, i.e., more complicated
and computationally more expensive algorithms.

Many other questions arisewhen generalizing theWDF approach.
For example the effect of the grid current for positive grid-cathode
voltages was omitted above. In fact, the tube should be modeled as
a nonlinear multi-port.
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Fig. 6. Spectrum (0-20 kHz) of distorted 5 kHz sine wave (1.25
Volts input), including the aliased components, for four times over-
sampling.

In spite of these challengingquestions, theWDF approach shows
potential as a systematic way to simulate nonlinear analog amplifiers
and sound reproduction systems in real time.
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