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ABSTRACT
This paper discusses a discrete-time modeling technique where
the length of time delays can be arbitrarily adjusted. The new
system is called a fractional delay waveguide model (FDWM).
Formerly, FDWMs have only been implemented with FIR-type
fractional delay filters. We show how an FDWM can be implemented using allpass filters. We use low-order allpass filters
that are maximally-flat approximations of the ideal delay. The
advantages of the allpass approach are computational efficiency
and reduced approximation error. The proposed structure can be
applied to discrete-time modeling of acoustic tubes, such as the
human vocal tract or resonators of musical instruments.

1. INTRODUCTION
A discrete-time model of an acoustic tube system is traditionally
constructed by approximating the profile of the tube using uniform sections of fixed length. The resulting tube system is then
modeled by a digital lattice or ladder filter. This approach was
first used for modeling the human vocal tract by Kelly and
Lochbaum [l] and it has become a popular area of research (see,
e.g., [2], [3]). Smith has recently generalized this approach to a
class of techniques that he calls digital waveguide modeling [4].
A digital waveguide stands for a bidirectional delay line. Smith
has shown that this methodology gives a way to directly simulate real-world systems using a discrete-time model. In addition
to vocal tract modeling, the method is suitable to simulation of
other one-dimensional resonators, such as musical wind instruments.
It has been noticed, however, that there is a severe limitation i n the basic Kelly-Lochbaum scheme: the total length of
the vocal tract is quantized according to the sampling interval
and thus it cannot be changed smoothly. Strube [5] proposed
that one of the unit delays of the lattice filter could be replaced
by a fractional delay (FD) element, that is, a digital filter that
approximates a delay smaller than a unit delay. Another possibility for accurate control of the total length is to change the
sampling rate of the system by using interpolation [6], [7].
We have found that neither of the above methods is adequate
for obtaining an accurately controllable vocal tract model. The
remaining problem is that the length of individual tube sections
cannot be controlled independently. In Strube’s model, only
one section is continuously controllable. The change of the
sampling rate scales the length of all tube sections by the same
factor.
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Recently, we have proposed a method for changing the positions of the scattering junctions of a Kelly-Lochbaum (KL)
model continuously [8], [9]. Consequently, the length of every
tube section (as well as the total length of the tract) can be continuously varied. The model employs a nonrecursive interpolation technique together with a new technique that we call deinrerpolarion [8]. We call the resulting system a fractional delay
waveguide model (FDWM) and it can be interpreted as an extension to Smith’s framework.
In this work we study the possibility of applying allpass FD
filters to the implementation of an FDWM. Earlier we have
investigated the use of FIR interpolators for this task [8], [9].
The advantages of FD allpass filters over the FIR interpolators
are that 1) the approximation error in magnitude is zero and 2) a
good result is obtained with a low-order filter.
This paper is organized as follows. Section 2 discusses
maximally-flat approximation of fractional delay using FIR and
allpass filters. In Section 3 we review the FIR filter implementation of FD waveguide models. The new allpass filter FDWM is
introduced in Section 4. Its performance is compared with those
of an ideal waveguide model and an FIR implementation and the
effects of the approximation errors are discussed.

2. MAXIMALLY-FLAT APPROXIMATION O F
FRACTIONAL D E L A Y
The frequency response of a discrete-time delay element is

where w = 2xjT is the normalized radial frequency (with sampling interval r ) and D = floor(D) + d is the total delay with fractional delay d. The frequency response of the ideal discrete-time
delay element given by (1) corresponds to a linear-phase allpass
system. The impulse response of this system is a shifted (by D )
and sampled sinc function, which is a two-sided infinite-length
sequence. In practical applications some digital filter approximation for the fractional delay must be used. A tutorial on FIR
and IIR FD filter design techniques has been written by Laakso
et al. [lo].

Audio signals have often more energy at low frequencies
than at high frequencies. Thus, in audio signal processing it is
recommendable to use an FD approximation that has smallest
error at low frequencies. In maximally-flat (MF) approximation
the error can be set equal to zero at w = 0. The MF FIR approximation to the FD is equivalent to the classical Lagrange interpolation [lo]. Below we discuss the corresponding allpass filter
approximation.
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Fig. 1. Phase delay (solid curve) of ( a ) the first-order and (b) the second-order MF allpass FD filter for several values of delay D.
The dotted line shows the nominal phase delay for each case.
2.1.

3. FRACTIONAL DELAY WAVEGUIDE M O D E L

Maximally-Flat Allpass F D Filter

An allpass filter is well-suited to FD approximation because
its magnitude response is equal to unity. The transfer function
A(z) of an Nth-order discrete-time allpass filter is written as

A method for the design of MF FD allpass filters has been
introduced in [l 11 and [lo]. A remarkable feature of this design
is that the filter coefficients can be given in a closed form, that
is [IZ]

D-N+n

fork =O,I,2,..., N

(3)

where N is the order of the allpass filter and D is the desired
delay.
The coefficient of the first-order MF allpass FD filter is

1-D
a, =1+D

(4)

The coefficients for the second-order filter are given by

al =-2-

0-2
D+l

and a2 =

( D - l)(D- 2)
(D+1)(0+2)

Fractional delay waveguide modeling is a general framework for
design and implementation of models of one-dimensional wave
propagation in physical systems. It has been applied to computational modeling of the human vocal tract and woodwind
instruments [9], [12]. The novel idea of this technique is the use
of fractional delays for two purposes: to adjust the length of
digital delay lines and to adjust the locations of junctions of
waveguides.
Figure 2a illustrates scattering at the joint of two acoustic
tubes of different diameter. The reflection coefficient r is determined by the cross-sectional areas Ak and AI,+^ of the two tubes
so that r = (Ak-Ak+l)/(Ak + Ak+l). The scattering junction can
be equivalently implemented using only one multiplier as
depicted in Fig. 2b. In an FDWM, the scattering junction can be
located at a noninteger point of a digital waveguide (i.e., bidirectional delay line). In FIR filter implementation of an FDWM,
the interpolated scattering junction is based on the one-multiplier junction of Fig. 2b, but the allpass filter implementation
which is presented in this paper is based on the four-multiplier
junction of Fig. 2a.
Figure 3a illustrates a scattering junction between the sampling points of a digital waveguide. The four FD elements are

(5)

Figure 1 shows the phase delay response zp(w) = -O(w)/w of
these simplest allpass FD filters for several values of D.
In the first-order case (N = 1) the best approximation is
obtained when the desired delay D is near to 1 (see Fig. la).
When D = 0 the pole and the zero of the allpass filter are on the
unit circle and the filter is asymptotically unstable-a situation
which should be avoided. When N = 2, the approximation is
most accurate near to D = 0 or D = 2.0 (see Fig. Ib). Also now D
= 0 leads to potential stability problems.

Fig. 2. ( a ) Scattering junction between two acoustic tubes of
different diameter and ( b ) its one-multiplier version.
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explicitly shown. The delay 6 is defined by

6 = 1 -d

(6)

and is called the complementary fractional delay (CFD)[ 121.

3.1. FIR Filter Implementation of FDWM
Formerly, FDWMs have been implemented using Lagrange
interpolators [SI, [9], [12]. The interpolated input into a digital
delay line has been realized using deinterpolation [8], which is a
new technique in signal processing. It is implemented using the
transpose FIR filter structure with interpolating coefficients. Its
impulse response, however, has to be time-reversed because a
deinterpolator approximates the complementary FD 6. The two
nonrecursive interpolators and the two deinterpolators can be
combined, and thus only two interpolating FIR filters per FD
junction are required (see [ 121 for details).

4. ALLPASS FILTER IMPLEMENTATION O F
FRACTIONAL DELAY WAVEGUIDE MODEL
4.1. Derivation of the FD Junction Structure
Figure 3b shows a modified version of the junction depicted in
Fig. 3a. Now the four FD elements have been pushed through the
adders and branch nodes. This can be done because linear timeinvariant systems commute. Now there are altogether eight FD
elements. The FD elements z - ~and z - ~can be combined into a
single unit delay element (since d + 6 = 1) both in the upper and
in the lower line (see Fig. 3c). The two FD elements z - ~on the
left of Fig. 3b can be combined into a single block z-*~, and the
same is possible to do for the two CFD blocks on the right.
The block diagram presented in Fig. 3c is one possible allpass implementation of the FD junction. Other configurations
can also be derived, but this one has some desirable properties.
We realize the “double” fractional delay elements using allpass
filters A D ( z ) and A A ( z ) . Consequently, the desired delay D and
complementary total delay A are defined by

D=2d
A = 26= 2 -D

(74
(7b)

This implies that when the noninteger part d of the position of
the junction can have values on the interval [0, I], the delays
implemented by the two allpass filters will have values on the
interval [0, 21.

4.2.

Transmission Function

Let us consider the approximation error due to allpass interpolators. In the structure of Fig. 3c, there are no FD elements in
the straight path in neither direction. Thus there is no approximation error in the transmission function through the FD junction. The only limitation that this solution brings about is that
the point where the transmission occurs is not explicitly
implemented and the signal value at that point cannot be
directly obtained. At the open end of a tube this causes an error
in the delay of the output signal. This does not affect the formant structure nor other important properties, but can be
avoided-if desired-by incorporating an additional FD filter.

Fig. 3. Derivation of the FD scattering junction employing
commutation. (a) The original FD scattering junction. (b) The
FD elements have been pushed through the branch nodes and
adders. (c) The structure that is implemented.

4.3.

Reflection Function

The reflection from the FD junction suffers from an error
since the “double” FDs are realized using digital filter approximations A D ( z )and AA(z).When MF allpass FD filters are used,
the nature of this error can be predicted from Fig. 1. At very low
frequencies the impedance discontinuity seems to be in the correct position, but with increasing frequency, the junction tends
to move towards some other location. This is because the allpass filters approximate the delay accurately at low frequencies,
but poorly at high frequencies. We may assume that at low frequencies the formant structure of a tube model implemented with
these allpass filters is similar to the ideal one, but at higher
frequencies the center frequencies of formants are incorrect.

4.4. Comparison of Implementation Techniques
In order to compare the properties of allpass and FIR implementations, we simulated a two-tube model with one FD junction.
The total length of the tube system is 8 unit delays. The junction between the tubes is located between the 3rd and the 4th
unit delay. The reflection coefficient is -0.5. One end of the
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The allpass FDWM was shown to be suitable for constructing high-quality models of physical systems. This approach
may be used, e.g., for implementing model-based sound synthesis of wind instruments or an articulatory speech synthesizer.
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Fig. 4. Transfer function of a two-tube system realized using
second-order allpass filters (solid line), third-order Lagrange
interpolation (dashed line), and ideal interpolation (dotted line).
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5. CONCLUSIONS AND FUTURE W O R K
We have introduced a new method to realize a fractional delay
waveguide model (FDWM) where the time delay between scattering junctions can be continuously controlled. In this approach
the FD elements are implemented using low-order allpass filters
that are maximally-flat approximations of ideal interpolation.
This method is more efficient and more accurate than an FDWM
implemented using Lagrange interpolation. In the future, the
behavior of the allpass FDWM should be analyzed in the case
when the positions of the junctions are slowly changing.

[Ill

J. L. Kelly Jr. and C. C . Lochbaum, “Speech synthesis,” in
Proc. Fourth Int. Congr. Acoustics (ICA), paper G42, pp.
1-4, Copenhagen, Denmark, Sept. 1962.
J. Liljencrants, Speech Synthesis with a Reflection-Type
Line Analog. Doctoral dissertation. Dept. of Speech
Communication and Music Acoustics, Royal Institute of
Technology, Stockholm, Sweden, Aug. 1985.
P. Meyer, R. Wilhelms, and H. W. Strube, “A quasiarticulatory speech synthesizer for the German language running
in real time,” J. Acoust. Soc. Am., vol. 82, no. 2, pp.
523-539, Feb. 1989.
J. 0. Smith, “Physical modeling using digital waveguides,” Computer Music J., vol. 16, no. 4, pp. 75-87,
winter 1992.
H. W. Strube, “Sampled-data representation of a nonuniform lossless tube of continuously variable length,” J .
Acoust. Soc. Am., vol. 57, no. I , pp. 256-257, Jan.
1975.
H. Y. Wu, P. Badin, Y. M. Cheng, and B. Guerin,
“Continuous variation of the vocal tract length in a KellyLochbaum type speech production model,” in P r o c .
Eleventh Int. Congr. Phonetic Sciences (Xlth ICPhS), vol.
2, pp. 340-343, Tallinn, .Estonia, Aug. 1-7, 1987.
G. T. H. Wright and F. J. Owens, “An optimized multirate
sampling technique for the dynamic variation of the vocal
tract length in the Kelly-Lochbaum speech synthesis
model,” IEEE Trans. Speech and Audio Processing, vol. 1,
no. 1, pp. 109-113, Jan. 1993.
V. Valimaki, M. Karjalainen, and T. I. Laakso, “Fractional
delay digital filters,” in Proc. 1993 IEEE Int. Symp.
Circuits and Systems (ISCAS’93), vol. 1, pp. 355-358,
Chicago, IL, May 3-6, 1993.
V. Valimaki, M. Karjalainen, and T. Kuisma, “Articulatory
speech synthesis based on fractional delay waveguide filters,” in Proc. IEEE ICASSP’94, vol. l , pp. 585-588,
Adelaide. Australia. AD^ 19-22. 1994.
T. I. Laakso, V. Valimaki, M. Karjalainen, and U. K.
Laine, Crushing the Delay-Tools for Fractional Delay
Filter Design. Report no. 35, Helsinki Univ. of Tech.,
Laboratory of Acoustics and Audio Signal Processing,
Espoo, Finland, 46 p. + figures, Oct. 1994.
T. I. Laakso, V. Valimaki, M. Karjalainen, and U. K.
Laine, “Real-time implementation techniques for a continuously variable digital delay in modeling musical instruments,” in Proc. Int. Computer Music Conj (ICMC’92),
pp. 140-141, San Jose, CA, Oct. 14-18, 1992.

11 21 V. Valimaki, Fractional Delay Waveguide Modeling of

1527

Acoustic Tubes. Report no. 34, Helsinki Univ. of Tech.,
Laboratory of Acoustics and Audio Signal Processing,
Espoo, Finland, 133 p., July 1994.

