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Abstract—In the multiple measurement vector (MMV) model,
sparse signal recovery (SSR) is formulated as identifying the
common support set of sparse signal vectors using a collection
of measurement vectors generated through a common known
overcomplete dictionary. The sparse signal vectors or their powers
may be estimated along with the support set. In this paper,
we adopt a covariance learning (CL) perspective and focus on
estimating the sparse signal powers and their support from the
second-order statistics of the measurements. Building on the
majorization–minimization (MM) framework, we introduce a
CL-based algorithm, named CLMM, which forms a surrogate
for the negative log-likelihood function of the measurements. An
iterative scheme is then derived to estimate the sparse signal
powers. Numerical simulations demonstrate the effectiveness
of the proposed CLMM method in SSR, where it consistently
outperforms state-of-the-art algorithms, particularly in the face
of large sparsity ratios.

Index Terms—Covariance learning, compressed sensing, sparse
Bayesian learning, majorization-minimization, sparse signal re-
covery

I. INTRODUCTION

With significant applications ranging from wireless com-
munications [1]–[3] and biomedical imaging [4] to source
localization [5], [6], sparse signal recovery (SSR) has emerged
as a fundamental problem in signal processing. In the multiple
measurements vector (MMV) case [7], the SSR problem is
formulated as estimating xl-s in:

yl = Axl + eℓ, l = 1, . . . , L, (1)

where yl ∈ CM is the l-th measurement vector, A =
[a1, . . . ,aN ] ∈ CM×N is a known overcomplete matrix
(dictionary) (N > M ) whose columns are referred to as
atoms, and el ∈ CM is a zero mean white noise random
vector with cov(el) = σ2I.1 Additionally, xl ∈ CN repre-
sents the unobserved sparse random signal vector with K
non-zero elements. Letting Y = [y1, . . . ,yL] ∈ CM×L,
X = [x1, . . . ,xL] ∈ CN×L, and E = [e1, . . . , eL] ∈ CM×L,
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1Depending on the specific application, the structure of A varies. For
example, in the direction-of-arrival estimation problem, the columns of A can
be the array steering vectors corresponding to N uniformly spaced angular
grid points. We do not impose any particular structural assumptions on A
in this paper, which makes the proposed method applicable to various signal
processing problems.

the measurement model in (1) can be written in matrix form
as

Y = AX+E. (2)

The signal vectors xl-s are assumed statistically independent
of the noise vectors el-s. They are modeled as zero-mean,
parametrized circular Gaussian random vectors with covariance
matrix Γ = cov(xl) = diag(γ), i.e., xl ∼ CN (0,Γ). Here,
diag(·) constructs a diagonal matrix with its diagonal elements
from the bracketed vector, and γ ∈ RN

≥0 is the vector of
the signal powers with K non-zero entries. Consequently, the
index set of non-zero rows of X coincides with the index set
of non-zero entries of γ. This index set, called signal support,
is defined as:

S = supp(X) = {i ∈ [[N ]] : xij ̸= 0 for some j ∈ [[L]]}
= supp(γ) = {i ∈ [[N ]] : γi ̸= 0}

where [[N ]] = {1, . . . , N}. Under these assumptions, yl ∼
CN (0,Σ), where

Σ = AΓAH + σ2I =

N∑
i=1

γiaia
H
i + σ2I . (3)

A class of algorithms known as covariance learning (CL)
methods aims to identify the signal support S and estimate
the sparse signal powers γ by minimizing the negative log-
likelihood function (LLF) of the data Y, that is,

minimize
γ,σ2

ℓ(γ, σ2)

subject to γ ≥ 0, σ2 > 0,
(4)

where

ℓ(γ, σ2) ≡ ℓ(γ, σ2 | Y,A) = tr((Adiag(γ)AH + σ2I)−1S)

+ logdet(A diag(γ)AH + σ2I) (5)

with tr(·) and det(·) respectively denoting the matrix trace
and determinant, and S being the sample covariance matrix
(SCM) defined by

S =
1

L

L∑
l=1

yly
H
l .

Note that the first term in (5) is convex but the second term is
concave, making the problem nonconvex.

Sparse Bayesian learning (SBL) [8] is a widely used
framework for SSR. The well-known M-SBL algorithm [9]
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employs an empirical Bayesian strategy and derives an expected
maximization (EM) procedure to solve (5). However, M-SBL
is computationally intensive and typically suffers from slow
convergence, making it impractical even for moderately large
numbers of atoms N . Although faster fixed-point update
rules for SBL have been proposed (e.g., [9, eq. (19)]), they
often come with a performance degradation compared to
the original, slower method. Other approaches for solving
(5) include EM-based schemes [10] and methods based on
generalized approximate message passing (GAMP) [11]. In
[12], the majorization-minimization (MM) framework [13]
has been used to jointly estimate source variances and full-
structure noise covariances, called full-structure noise (FUN)
learning, particularly in applications like brain source imaging
that majorizes the log-determinant term via Taylor expansion
while decomposing the trace term using posterior expectations
in an EM-like manner. Greedy pursuit methods are another
class of algorithms for solving SSR. Popular methods of
this class include simultaneous normalized iterative hard
thresholding (SNIHT) [14], simultaneous orthogonal matching
pursuit (SOMP) [15], and least-squares orthogonal matching
pursuit (LSOMP) [16]. In addition, in [17] and [18], greedy
CL-based methods respectively referred to as CL-OMP and
light-weight sequential SBL (LWS-SBL) have been developed.

In this paper, we exploit MM framework to develop a
CL-based method for SSR that estimates γ assuming σ2 is
known. The proposed method, named CLMM, first constructs a
surrogate optimization problem by forming appropriate tangent
upper bounds (majorizers) for both the convex (trace term) and
concave (log-determinant term) components of the objective
function in (5).2 It then uses an iterative scheme to estimate
the sparse signal powers γ and the corresponding support set
S by solving this surrogate optimization problem. Simulation
results demonstrate that CLMM outperforms existing methods,
particularly when the sparsity ratio K/M approaches 1.

II. THE PROPOSED METHOD

To apply the MM framework [13], we first need to derive
a suitable majorizer (tangent upper bound) for the objective
function in (5). Although the first term of the objective is
already convex, it is still useful to majorize it in order to
obtain a closed-form update rule at each iteration. The second
term is concave and can be conveniently majorized via a simple
linearization.

A. Majorizer of the convex term of (5)

We begin by presenting two useful observations in Lemma 1
and Corollary 1.

Lemma 1 (Matrix upper bound for the PD case). The following
matrix inequality holds for D ≻ 0 and ADAH ≻ 0,

`

ADAH
˘−1⪯

´

F(k)
¯−1

AD(k)D−1D(k)AH
´

F(k)
¯−1

(6)

with equality satisfied at D = D(k), where F(k) = AD(k)AH.

2Unlike FUN learning that only majorizes the concave term.

Proof. See [19, Proposition 4] and [13, Example 19].
Corollary 1 (Matrix upper bound for positive powers). Suppose
Σ = A diag(γ)AH+σ2 I ≻ 0, with γ > 0 and σ2 > 0. Then,

`

A diag(γ)AH + σ2 I
˘−1⪯G̃(k)D̃−1

´

G̃(k)
¯H

, (7)

where

G̃(k) =
´

Σ(k)
¯−1

“

A diag
`

γ(k)
˘

σ2(k) I
‰

Σ(k) = Adiag
´

γ(k)
¯

AH + σ2(k) I

D̃ =

„

diag(γ) 0
0 σ2 I

ȷ

.

Equality holds at γ = γ(k) and σ2 = σ2(k).

Proof. Lemma 1 can be applied to the matrix
`

A diag(γ)AH + σ2 I
˘−1

by defining Ã =
“

A I
‰

since ÃD̃ÃH = Adiag(γ)AH + σ2 I .

The assumptions made in Corollary 1 do not completely match
the constraints in (4) as we cannot assume γ > 0 (only σ2 >
0 can be assumed). Note that by a limiting argument, the
inequality in Lemma 1 still holds for D ⪰ 0 (and Corollary 1
for γ ≥ 0), but the upper bound becomes loose and not useful
in practice. Fortunately, this bound can be improved because
σ2 > 0 as follows.

Corollary 2 (Matrix upper bound for nonnegative powers).
Suppose Σ = Adiag(γ)AH + σ2I ≻ 0, with γ ≥ 0 and
σ2 > 0. Define B ∈ Cn×n as the Cholesky decomposition of
BBH = ηI −AAH ⪰ 0 for some η > λmaxpAAHq, where
λmax(·) computes the maximum eigenvalue of the bracketed
matrix. Then,

`

A diag(γ)AH + σ2 I
˘−1⪯Ḡ(k)D̄−1

´

Ḡ(k)
¯H

, (8)

where

Ḡ(k) =
´

Σ(k)
¯−1

“

A diag
`

γ̄(k)
˘

σ̄2(k)B
‰

D̄ =

„

diag(γ̄) 0
0 σ̄2 I

ȷ

, γ̄ = γ + σ2/η,

γ̄(k) = γ(k) + σ2(k)/η, σ̄2 = σ2/η.

Observe that since σ2 > 0, then σ̄2 > 0 and γ̄ > 0. Equality
holds at γ = γ(k) and σ2 = σ2(k).

Proof. We want to have an expression similar to Σ =
A diag(γ)AH+σ2 I but where we only need to assume γ ≥ 0.
We can achieve that by absorbing part of σ2 into γ as follows.
From the relation of η and B, we have AAH +BBH = ηI .
We can then write3

Σ = Adiag(γ)AH + σ2I

= Adiag(γ)AH +
σ2

η
pAAH +BBHq

= A

ˆ

diag(γ) +
σ2

η
I

˙

AH +
σ2

η
BBH,

3The authors would like to thank Amirhossein Javaheri for a discussion on
this idea.
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which can then be used in Lemma 1 by defining:

Ā =
“

A B
‰

and D̄ =

«

diag(γ) + σ2

η I 0

0 σ2

η I

ff

.

Thus, our final matrix upper bound reads
`

A diag(γ)AH + σ2 I
˘−1⪯Ḡ(k)D̄−1

´

Ḡ(k)
¯H

, (9)

where

Ḡ(k) =
´

Σ(k)
¯−1 ”

A diag
´

γ(k) + σ2(k)

η

¯

σ2(k)

η B
ı

(10)

D̄ =

«

diag
´

γ + σ2

η

¯

0

0 σ2

η I

ff

. (11)

B. Majorizer of the concave term of (5)

Following [13, Example 2], the logdet term in (5) can be
upper-bounded using its Taylor expansion as

logdet pΣq ≤ tr

ˆ

´

Σ(k)
¯−1

Σ

˙

+ const, (12)

where Σ = Adiag(γ)AH + σ2I.

C. MM-based algorithm

Algorithm 1 CLMM algorithm
Input :S, A, σ2, and Imax.
Initialize : γinit = 0.

1 γ(0) = γinit, δ = 10−3.
2 η = tr

`

AAH
˘

.
for k = 0, . . . , Imax do

3 Σ̄(k) = Adiag
`

γ(k)
˘

AH + σ2 I

4 M (k) =
`

Σ̄(k)
˘−1

A diag
´

γ(k) + σ2

η

¯

5 For all i ∈ {1, . . . , N}, compute:

T
(k)
i =

´

m
(k)
i

¯H

Sm
(k)
i and U

(k)
i = aHi

´

Σ̄(k)
¯−1

ai

6 For all i ∈ {1, . . . , N}, compute:

γ
(k+1)
i =

»

–

g

f

f

e

T
(k)
i

U
(k)
i

− σ2

η

fi

fl

+

7 if ∥γ(k+1)−γ(k)∥
2

∥γ(k)∥
2

< δ then
break

Output : γ

The focus is to estimate γ for a known σ2 in this paper,
leaving joint estimation of (γ, σ2) to future works. Towards
this end, under the MM framework [13], one has to sequentially
solve a surrogate problem obtaining the sequence of solutions
γ(0), γ(1), γ(2), . . . , γ(Imax) where Imax is the maximum
number of iterations. At iteration k + 1, exploiting (9)-(12),

the surrogate problem of the original problem (4) with respect
to (w.r.t) γ (constant terms are removed) is

minimize
γ

tr

ˆ

M (k)
´

diag
´

γ + σ2

η

¯¯−1
`

M (k)
˘H

S

˙

+tr
´

`

Σ̄(k)
˘−1

A diag(γ)AH
¯

subject to γ ≥ 0,
(13)

where

Σ̄(k) = Adiag
´

γ(k)
¯

AH + σ2 I

M (k) =
´

Σ̄(k)
¯−1

A diag

ˆ

γ(k) +
σ2

η

˙

.
(14)

Using the cyclic property of the trace operator (tr pABq =
tr pBAq), the simplified surrogate problem is

minimize
γ

ℓ̄(k+1)
`

γ | γ(k), σ2
˘

subject to γ ≥ 0,
(15)

where

ℓ̄(k+1)
´

γ | γ(k), σ2
¯

=

N∑
i=1

T
(k)
i

γi + σ2/η
+

N∑
i=1

γi U
(k)
i

T
(k)
i =

„

´

M (k)
¯H

SM (k)

ȷ

ii

=
´

m
(k)
i

¯H

Sm
(k)
i ,

for i = 1, . . . , N

U
(k)
i =

„

AH
´

Σ̄(k)
¯−1

A

ȷ

ii

= aHi

´

Σ̄(k)
¯−1

ai,

for i = 1, . . . , N

(16)

with m
(k)
i denoting the i-th column of M (k). Taking the

derivative of ℓ̄(k+1)
`

γ | γ(k), σ2
˘

in (15) w.r.t γi, we obtain

∂ℓ̄(k+1)

∂γi
= − T

(k)
i

(γi + σ2/η)2
+ U

(k)
i ,

for i = 1, . . . , N.

(17)

Equating (17) along with taking into consideration the con-
straint in (15), we find γ

(k+1)
i as

γ
(k+1)
i =

»

–

g

f

f

e

T
(k)
i

U
(k)
i

− σ2

η

fi

fl

+

, i = 1, . . . , N, (18)

where [·]+ = max(·, 0). The steps of the proposed CLMM
algorithm are outlined in Algorithm 1. Note that the choice of
η must satisfy the inequality η > λmaxpAAHq based on Corol-
lary 2. The choice of η = tr

`

AAH
˘

in Step 2 of Algorithm 1
satisfies this inequality as tr

`

AAH
˘

> λmaxpAAHq.
The computational cost of Step 2 of CLMM (Algorithm 1)

is O(MN). Computational complexity of Steps 3-6 are
O(M2N), O(M3 + M2N), O(M2N), and O(N). Let I
be the number of iterations in CLMM (bounded by Imax),
the total complexity of the proposed CLMM algorithm is
I · O(M3 + M2N). As N ≥ M in all applications that we
consider, the complexity of the proposed CLMM algorithm is
I · O(M2N).
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(c) K = 4.

Fig. 1: PER vs. SNR when M = 6, N = 512, and L = 20. The sparsity ratio K/M is 1/6, 2/6, and 4/6 in subplots (a), (b),
and (c) , respectively.
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(a) M = 16.
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(c) M = 24.

Fig. 2: PER vs SNR when K = 12, N = 512, L = 16, and M ∈ {16, 20, 24}.

III. SIMULATION RESULTS

This section compares the sparse signal recovery perfor-
mance of the proposed CLMM algorithm to those of the SNIHT
[14, Algorithm 1], SOMP [15, Algorithm 3.1], LWS-SBL [18,
Algorithm 1], and LSOMP [16]. For the proposed CLMM
algorithm, we set δ = 10−3 and Imax = 100. Additionally,
the indices of K largest elements of γ are taken as the signal
support set S. LWS-SBL and CLMM assume σ2 is known.
The dictionary A ∈ CM×N is generated with i.i.d. entries
from the set {±1 ± 1j}/

?
2 where the real and imaginary

parts are independent Bernoulli random variables with equal
probability. As is standard in compressed sensing, its columns
are normalized to unit norm, which here corresponds to scaling
by 1/

?
M .

As performance measure we use the empirical probability
of exact recovery,

PER =
1

T

T∑
t=1

I
´

Ŝ(t) = S(t)
¯

,

where I(·) denotes the indicator function, and Ŝ(t) denotes
the estimate of the true signal support S(t) for t-th Monte
Carlo (MC) trial. The number of MC trials is T = 1000 for
all simulation examples. Unless otherwise stated, we assume
that there are four source signal clusters. Let S = {i1, . . . , iK}

denote the true support set where K is chosen as K = 4K0

with K0 being the number of signals in each cluster. We
define the power of the first source signal in the first cluster as
σ2
1 = γi1 . The powers of the second, third, and fourth signal

clusters are set to be 1 dB, 2 dB, and 4 dB lower than that of
the first cluster, respectively. In the figures, the signal-to-noise
ratio (SNR) is defined as the SNR of the first signal cluster,
i.e., SNR (dB) = 10 log10(σ

2
1/σ

2).

Fig. 1 shows the PER for K = 1 (Fig. 1a), K = 2
(Fig. 1b), and K = 4 (Fig. 1c) when M = 6, N = 512,
and L = 20. In Fig. 1a (sparsity ratio K/M = 1/6), it is
observed that all the methods tested perform similarly. In
Fig. 1b (sparsity ratio K/M = 2/6), the SNIHT is the worst
performing method while the proposed CLMM method is the
best performing. The accumulation of errors and performance
saturation, which are well-known behaviors of greedy-based
approaches when the sparsity ratio is large, are already visible
here for SNIHT, SOMP, LWS-SBL, and LSOMP. In other
words, increasing SNR beyond a threshold point does not
improve their performance and they may fail to achieve perfect
signal recovery. In Fig. 1c (sparsity ratio K/M = 4/6),
the proposed CLMM method substantially outperforms other
methods tested at mid and high SNR regimes.

Fig. 2 shows the PER for M = 16 (Fig. 2a), M = 20
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(c) L = 32.

Fig. 3: PER vs. SNR when K = 12, N = 512, M = 16, and L ∈ {8, 16, 32}.

(Fig. 2b), and M = 24 (Fig. 2c) when K = 12, N = 512,
and L = 16. In Fig. 2a, the SNIHT and SOMP methods
completely collapse. The proposed CLMM method is the best
performing method here. In Fig. 2b, the SNIHT method is the
worst performing method while the LWS-SBL and CLMM
method have equivalent performance at low SNR but CLMM
outperforms LWS-SBL in higher SNR. In Fig. 2c, the LWS-
SBL, LSOMP and CLMM are the best performing while the
SNIHT method is the worst.

Fig. 3 shows the PER for L = 8 (Fig. 3a), L = 16 (Fig. 3b),
and L = 32 (Fig. 3c) when K = 12, N = 512, and M = 16.
In Figs. 3a and 3b, the proposed CLMM method significantly
outperforms other methods tested. In Fig. 3c, the proposed
CLMM is the best performing method.

IV. CONCLUSION

In this paper, we have developed a covariance learning-based
method for SSR within the MM framework. The proposed
algorithm, called CLMM, is built by first constructing a
surrogate optimization problem through suitable majorizers
for both the convex and concave components of the original
covariance learning objective function. Using this surrogate,
CLMM employs an efficient iterative procedure to estimate
the sparse signal powers and the associated support set,
without requiring explicit estimation of the source signal matrix.
Extensive simulation results show that CLMM achieves superior
recovery performance compared to existing approaches, with
gains being particularly visible as the sparsity ratio K/M
increases and approaches 1. These findings highlight the
potential of MM-based covariance learning as a powerful and
flexible tool for SSR in a broad range of signal processing
applications.
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